We reanalyze the two-loop electroweak hadronic contributions to the muon g − 2 that may be enhanced by large logarithms. The present evaluation is improved over those already existing in the literature by the implementation of the current algebra Ward identities and the inclusion of the correct short-distance QCD behaviour of the relevant hadronic Green's function.
Introduction
The latest result from the g µ − 2 experiment at BNL [1] reported by the E821 collaboration has triggered a renewal of interest on the theoretical prediction of the anomalous magnetic moment of the muon a µ ≡ 1 2 (g µ −2) in the Standard Theory 1 . The attention has been focused mostly on the hadronic vacuum polarization contribution, particularly on the accuracy of its determination [3, 4, 5, 6, 7] . The major theoretical change, however, comes from a new evaluation of the dominant pion-pole contribution to the hadronic light-by-light scattering [8] , which has unravelled a sign mistake in earlier calculations [9, 10, 11, 12, 13] . The correctness of the result in ref. [8] was corroborated by a renormalization group argument within the low-energy effective theory of the Standard Theory in ref. [14] , with subsequent developments in refs. [15, 16] and [17] . The previous calculations have now been amended correspondingly [18, 19, 20] .
Here we wish to report on a new calculation concerning an interesting class of hadronic contributions which appear at the two-loop level in the electroweak sector. They are the ones generated by the hadronic γ − γ − Z vertex, with one γ and the Z-boson attached to a muon line, as illustrated by the Feynman diagrams in Fig. 1 .
As first noticed in [21] these contributions are particularly interesting since, in principle, they can be enhanced by a large log(M 2 Z /m 2 loop ) factor, where m loop is the relevant scale in the shaded loop in Fig. 1 . However, in the absence of the strong interactions, there is an important cancellation between leptons and quarks within a given family, as a consequence of the anomaly-free charge assignment in the Standard Theory [22, 23] . The purpose of the present work is to analyze what is left out of this cancellation in the sector of the u, d and s quarks, where the strong interactions turn out to play a subtle role.
When dealing with the strong interaction effects, it has become a common simplifying practice among some theorists, to assume that the main effect of the strong interactions is dual to a modification of the u, d, s quark masses in the QCD Lagrangian, to "constituent-like" quark masses of the order of 300 MeV for the u, d quarks and 500 MeV for the s quark. In this way the contributions from Fig. 1 were found to be rather small [22, 23] 2 . However, in view of the expected accuracy which the new BNL experiment will eventually reach, it becomes necessary to have a more reliable determination of the size of these contributions. This has now become possible within the framework of the 1/N c expansion in QCD. There are indeed recent theoretical developments of this non-perturbative analytic approach, which have been applied mostly to the calculation of hadronic weak processes 3 , but which turn out to be useful as well for the evaluation of this particular class of hadronic contributions to a µ . This paper is dedicated to the evaluation of these contributions. 1 For a recent review see e.g. ref. [2] where some of the earlier references can also be found. 2 Notice that ref. [22] uses a more sophisticated version of this approach where at least chiral symmetry breaking is correctly implemented [24] . 3 See ref. [25] for a recent review, and refs. [26] to [30] for details.
The relevant terms in the Lagrangian of the Standard Theory which we shall be needing are the following:
1a. The Leptonic Neutral Current Lagrangian In our case, we shall only need the muon components Q µ = −1 , and a µ = −1/2 ;
i.e., the muon electromagnetic coupling and the axial coupling of the Z to the muon line:
−eμ(x)γ α µ(x)A α (x) and g 2 cos θ W 1 2μ (x)γ α γ 5 µ(x)Z α (x) . 
L Z µ and r (0)
In our calculation, only the hadronic electromagnetic coupling:
eq(x)γ µ Qq(x)A µ , Q = Q L = Q R = diag (2/3, −1/3, −1/3) ; and the hadronic axial coupling:
L = diag (1, −1, −1) , will be needed.
1c. The coupling of the unphysical neutral Higgs field to the light quarks and to the muon The hadronic electroweak vertex which we have to compute, in the notation corresponding to Fig. 1 , is the following
L q(y) and |Ω denotes the full QCD physical vacuum. Here, for the purpose of simplicity, both the photon and Z propagators in the second line of Eq. (1.3) are evaluated in the Feynman gauge. We dedicate, however, Appendix A to a discussion of questions related to gauge dependence. The anomalous magnetic moment contribution from this vertex is then defined by the corresponding Pauli form factor at zero momentum transfer, i.e.,
where
is the projector on the Pauli form factor, and m µ denotes the muon mass.
The Master Green's Function
The contribution we want to compute is governed by the hadronic Green's function
with k the incoming photon four-momentum associated with the classical external magnetic field, as illustrated in Fig. 2 . The general Ward identities which constrain this type of three-point functions in QCD are discussed in Appendix A. In particular, W µνρ (q, k) has an electroweak U (1) anomalous term. It is this term which, when lumped together with the corresponding contributions from the c quark and the e and µ leptons to the γ − γ − Z loop, gives a finite gauge invariant contribution to a µ which was calculated, independently, in refs. [22, 23] . Here we are particularly interested in the contribution to a µ from the non-anomalous part of W µνρ (q, k), denoted byW µνρ (q, k), i.e.
The functionW µνρ (q, k) obeys the trivial Ward identities
but, as discussed in Appendix A, it has both a longitudinal and transverse component in the axial neutral-current ν-index:W
. Differentiating the second identity in Eq. (2.4) with respect to k we get
As we shall see in the next section, extracting one power of k fromW trans µνρ (q, k) is all that is needed in order to obtain the corresponding contribution to the Pauli form factor at zero momentum transfer, i.e. the anomalous magnetic moment a µ . Therefore, without loss of generality, we can set
The most general pseudo-tensor W µνρσ (q) which satisfies the Ward identities is then constrained to have the form (Q 2 ≡ −q 2 ) 5 :
As we shall see in the next section, the contribution we are looking for can be expressed as a simple integral of the function W (Q 2 ) over the range 0 ≤ Q 2 ≤ ∞ in the euclidean Q 2 variable. We shall show in section 4 that, in the chiral limit, this function falls as 1/Q 6 at large Q 2 and, in the presence of massive light quarks, the large-Q 2 fall-off of W (Q 2 ) goes as 1/Q 4 only.
The Contribution to the Muon Anomalous Magnetic Moment
Since what we want is F 2 (0) we need only to keep the projector in Eq. (1.5) to its simplest form in an expansion in powers of momentum k,
This is because the product
There is a priori another possible tensor structure which also fulfills these requirements:
However, using the identity
it can easily be shown (contracting the previous identity with q λ ) that it is identical to the one in Eq. (2.7).
which then appears in Eq. (1.4), is proportional to one inverse power of k . On the other hand, gauge invariance forces the Green's function W µνρ (q, k) to be proportional to one power of k at least. Altogether, this gives the required powers of k which are needed to define F 2 (0). We can, therefore, simplify significantly the calculation of Eq. (1.4) to that of the simpler expression:
where the first term in the last line of Eq. (3.1) is the contribution from the anomaly to the VAV Green's function, already discussed in ref. [22] . The second and third terms are the non-anomalous contributions from the longitudinal and transverse components of the same Green's function. Let us first simplify, still further, the last contribution.
The integral over the four-momentum q from the last term (the transverse component), is convergent in the infrared because W (Q 2 ) has no Goldstone pole at Q 2 → 0 and in the ultraviolet because of the QCD short-distance behaviour of W (Q 2 ), which we shall later discuss. Therefore, to leading order in powers of the lepton mass, we can perform the trace and then the integration over the angles, setting 1
in Eq. (3.1). The integral over the solid angle dΩ q becomes trivial, and the transverse contribution is then given by the expression 5) in agreement with the result 6 in ref. [22] . The evaluation of F 2 (0) in an arbitrary gauge, with a discussion of the physics behind it, can be found in Appendix A.
4 Constraints on the Function W (Q 2 ) from the Operator Product Expansion (OPE)
In order to perform the integral over Q 2 in Eq. (3.4) we require information on the function W (Q 2 ). We shall now discuss the constraints on this function, at large Q 2 values, which follow from QCD at short-distances. For pedagogical reasons, we shall first discuss the hadronic contributions in the chiral limit, where the light quark masses are neglected. However, the leading effect due to the explicit chiral symmetry breaking induced by the finite light quark masses, turns out to be important and rather subtle. It is at the origin of a conceptual discrepancy with the treatment reported in ref. [23] . We shall, therefore, discuss as well the contributions from explicit breaking, later, in section 6.
Since one of the photons is on shell, the relevant short-distance behaviour we are looking for is the one given by the OPE of the two currents V em µ (x) and A nc ν (y) in the three-point functionW µνρ (q, k) in Eq. (2.1) when x → y, because these are the currents where the hard virtual momentum q can get through [31] ( from here onwards, the subscript non-anomalous in T -products will be understood). This three-point function is represented symbolically in Fig. 2 . The quantity we are interested in is defined by the limit
and the relevant term in the OPE of these two currents is the one with a tensor structure
where C is a dimensionless constant to be calculated, p denotes the lowest possible power and the ellipsis stands for other contributions proportional to higher powers of 1/Q 2 and/or to other tensor structures which cannot contribute to the muon anomaly. The dimension of the O βδ operator is such that:
i.e., O βδ must be an operator of even dimension, and antisymmetric in βδ. There are in fact two types of potential contributions to the r.h.s. of Eq. (4.2) which, physicswise, are generated by the emission of soft virtual gluons and hard virtual gluons in the T -product in Eq. (4.1). As discussed in Appendix B, there is no possible contribution from soft gluons, on symmetry grounds, with the tensor structure of Eq. (4.2) and with a power p ≤ 3. The leading contribution, which appears with a power p = 3, comes from the perturbation theory expansion in hard virtual gluons and it is the one shown in the diagrams of Fig. 3 below. The details of the calculation of the contribution from hard virtual gluons to U µν (q) in Eq. (4.1) are explained in Appendix B where it is shown that,
and where the operator O βδ (0) is found to be the four-quark operator:
We find, therefore, that the constant C in Eq (4.2), to lowest order in perturbative QCD is
We are now in the position to evaluate the high-Q 2 behaviour of the invariant function W (Q 2 ) in Eq. (2.7). For that we first insert the result obtained in Eq. (4.3) into the r.h.s. of Eq. (2.6). What appears then is the two-point function
In our case, the four-momentum k in this two-point function is a soft momentum; and in fact, what we need for our purposes is only the term linear in this soft momentum, i.e. On general grounds (conservation of the vector current, parity invariance and SU (3) symmetry) and in the chiral limit, the generic V T correlation function
, where λ a denotes the Gell-Mann matrices, normalized as tr(λ a λ b ) = 2δ ab , with λ 0 = ( 2/3) 1 , and a = 0, 1, . . . 8. Using the relations
, and QQ
we can write our result in Eq. (4.5) in terms of Π V T (0) only, as follows:
, in the minimal hadronic approximation (MHA) to large-N c QCD, has been evaluated in ref. [32] . In this approximation, it has the simple pole form
with M ρ the mass of the lowest vector state in the large-N c QCD spectrum. The asymptotic behaviour of the function W (Q 2 ) at large Q 2 values is then fixed, in the MHA, with the result
5 The Function W (Q 2 ) in the MHA to Large-N c QCD and in the Chiral Limit
Since W (Q 2 ) has dimensions of an inverse squared mass, it is convenient to define
The function w(z) in large-N c QCD is a meromorphic function in the complex z-variable. It has the pole structure shown by the Feynman diagrams in Fig. 4 , where the ρ i denote vector narrow states and the a j axial-vector states. Using partial fractions, we can write in full generality
and M R the mass of the R narrow state. The short-distance constraints on the unknown residues α R are
with R fixed by the leading term in the OPE expansion
Therefore, in large-N c QCD
The minimum number p of poles required to have the same asymptotic behaviour as the OPE result in Eq. (4.7) is p = 3. This minimum number of poles corresponds in this case to the minimal hadronic approximation to large-N c QCD, which we have used already in several other calculations 7 . In this approximation, the expansion of the meromorphic function w(z) in rational functions 8 is limited to the first three poles, and can be written as follows:
with α 1 , β 1 and α 2 unknown residues, which we shall determine readily, and
and r
As we have seen, the OPE evaluated in the MHA, fixes the value of R to
There follow then three short-distance constraints on the three unknown residues α 1 , α 2 and β 1 :
with the solution:
,
In particular
The function w(z) is then fully determined and the integral which defines F 2 (0) in Eq. (3.3) can be done. The shape of the function w(z) normalized to its value at the origin is the continuous red curve shown in Fig. 5 below. As expected, it is a sharply decreasing function in z.
At this stage, it is perhaps useful to compare the function W (Q 2 ) we find in the MHA to large-N c QCD with the corresponding function, evaluated in the constituent chiral quark model (χQM), which was used in ref. [22] to obtain F 2 (0) trans as an estimate of the error in F 2 (0). The function W (Q 2 ) in the χQM has a simple parametric form:
where g A ≃ 1/2 is the axial-coupling of the constituent quark 9 . With the same normalization as in Eq. (5.1), i.e.,
we have
The asymptotic behaviours of this function are:
The χQM not only fails to reproduce the large Q 2 behaviour of the OPE in QCD, but it has the opposite sign to the MHA to large-N c QCD in the chiral limit. Notice that, even though one is interested in the large-Q 2 limit, there is one photon whose momentum k 2 vanishes (see Fig. 2 ). This makes the Green's function W (Q 2 ) in Eq. (2.7) a nonperturbative object which cannot be calculated in terms of free quarks, such as those of the χQM.
The shape of the function w χQM (z) normalized to its value at the origin is the dashed curve plotted in Fig. 5 . It is yet another example of a constituent chiral quark model prediction which deviates substantially from the short-distance behaviour of QCD. The resulting contribution to F 2 (0) trans in the χQM is as follows:
See the second reference in [24] . 
Upon neglecting terms of
, the result reads
Numerically, for g A = 1/2 and r ′ = 3.5, we find
In order to evaluate, in terms of hadronic parameters, the short-distance residue R in Eq. (5.4), we observe that the same factor ∼ αs π ψ ψ 2 0 appears in the OPE of the LR correlation function where it has been shown [34] that in large-N c QCD
In this case, the MHA corresponds to a saturation with a vector state and an axial-vector state only, with the result
(5.10)
Using this relation, as well as the familiar vector dominance expressions [35] :
which as explained in ref. [25] can also be viewed as predictions of the MHA to large-N c QCD, our hadronic estimate for the residue R is then R = 8 9
with F 0 the pion coupling constant in the chiral limit (F 0 = 87 MeV). This estimate allows for a neat comparison with the contributions calculated in refs. [22, 23] , since we now have
Even allowing for a substantial error in our determination of ψ ψ 0 in Eq. (5.10), we obtain, in the chiral limit, a much smaller contribution than the one predicted by the χQM in Eq. (5.8).
Beyond the Chiral Limit
As explained in Appendix A, the axial Ward identity in Eq. (A.3), in the presence of light quark mass terms in the QCD Lagrangian, is no longer given by the anomaly alone. As a result, the nonanomalous part of the Green's function W µνρ (q, k) in Eq. (2.1), which we have been denoting bỹ W µνρ (q, k) (see Eq. (2.2)) is no longer fully transverse. It acquires a longitudinal component
and J Φ 0 is the current defined in Eq. (1.2) , where the quark masses enter, linearly, as explicit couplings.
It is the third term in Eq. (A.2) that we shall now be concerned with. This term, when added together with the contribution from the unphysical Higgs coupling in Eqs. (1.1) and (1.2) produces an extra contribution to the muon anomaly
which we are next going to evaluate. At the level of accuracy that we are interested in, it is sufficient to consider the contribution from the strange quark in the sum of light quark flavours in Eq. (6.3), and let m u = m d → 0 . Then, the relevant hadronic three-point function, in the notation of ref. [32] is
In the MHA to large-N c QCD, it is found [27, 32] that: 5) where, in the denominator, we have kept a pseudoscalar Goldstone massM 2 in order to handle the infrared logarithmic divergence which, otherwise, would appear after integration over the q-momentum in (6.3). Here, we are concerned with the limit of Eq. (6.5) when k is soft. Then
The integral over the momentum q can now be made, very much the same way as the calculation of the anomalous contribution in Eq. (3.5), with the result
In the approximation where m
, and keeping only logarithmic terms and constant terms, we get 9) where the first error is the one from the variation ofM and the second one is a 30% systematic error from the MHA approach. This result represents a positive contribution, smaller than the contribution from the anomaly, but much larger than the one from the transverse part of the hadronic VAV Green's function in the chiral limit. Finally, we still have to consider possible chiral corrections in the evaluation of the transverse termW trans µνρ (q, k); i.e., terms linear in quark masses which may contribute to the invariant function W (Q 2 ) in Eq. (3.4) . The chiral corrections which are potentially important are those which modify the asymptotic behaviour of the function W (Q 2 ) in Eq. (4.7) to a less sharp behaviour. The calculation of the leading behaviour, 1/Q 4 in this case, is technically rather involved and we have relegated it to the Appendix C, where it is shown that lim
where chiral corrections to the O(1/Q 6 ) term and higher order terms have been neglected.
, we now have to construct the corresponding MHA to large-N c QCD for the meromorphic function w(z). From the leading OPE behaviour above, it follows that the minimum number of poles required is now p = 2. The resulting w(z) function is then
which leads to an anomalous magnetic moment contribution
Neglecting m u and m d with respect to m s , and using again the current algebra relation −m s ψ ψ 0 ≃ F 2 0 M 2 K , we obtain (with g A = 1/2 , F 0 = 0.087 GeV , M K = 0.498 GeV)
In this case, however, we know that the MHA in Eq. (6.11) fails to reproduce the O(1/Q 6 ) term in the OPE, which we know is there, even in the chiral limit. In order to take into account this information, we can go now one step further beyond the MHA and incorporate three poles, like in Eq. (5.3) with the residues constrained now by short-distance behaviour as follows:
The resulting w(z) function in this improved case is shown in Fig. 6 , in 10 −3 units (the continuous curve). For the sake of comparison, we also show in the same figure and in the same units the curve corresponding to the MHA in Eq. (6.11) (the dashed curve). The integral over z in the improved case can still be done analytically and, neglecting terms of O
As expected, the effect of including the 1/Q 6 terms in the asymptotic behaviour of the W (Q 2 ) function reduces the integral, but the sign is still the same as in the MHA approximation result in Eq. (6.12). The final error we quote is a very generous estimate of the systematic errors. 
Results and Conclusions
The normalization reference of the electroweak contributions to the muon anomaly is the one-loop result [36, 37, 38, 39, 40] 
where the weak mixing angle is defined by sin and, hoping for a continuation of the BNL experiment, it is expected to be further reduced by still a factor of four. A theoretical effort on the evaluation of the two-loop electroweak corrections is therefore justified. It is convenient to separate the two-loop electroweak contributions into two sets of Feynman graphs: those which contain closed fermion loops, which we denote by a EW (2) µ (ferm), and the others which we denote by a EW (2) µ (bos). In this notation, the electroweak contribution to the muon anomalous magnetic moment is a
We shall review the calculation of these two-loop contributions separately.
Bosonic Contributions
The leading logarithmic terms of the two-loop electroweak bosonic corrections have been extracted using asymptotic expansion techniques (see e.g. ref. [41] .) In fact, these contributions have now been evaluated analytically, in a systematic expansion in powers of sin
terms and constant terms are kept [42] . Using sin 2 θ W = 0.224 and M H = 250 GeV , the authors of ref.
[42] find
Fermionic Contributions
The discussion of the two-loop electroweak fermionic corrections is more delicate. As already mentioned in the introduction, because of the cancellation between lepton loops and quark loops in the electroweak U (1) anomaly, one cannot separate hadronic effects from leptonic effects any longer. In fact, as discussed in refs. [22, 23] , it is this cancellation which eliminates some of the large logarithms which, were incorrectly kept in ref. [21] . It is therefore appropriate to separate the two-loop electroweak fermionic corrections into two classes: One is the class arising from Feynman diagrams like in Fig. 1 , with both leptons and quarks in the shaded blob, including the graphs where the Z lines are replaced by Φ 0 lines, if the calculation is done in the ξ Z -gauge. We denote this class by a EW (2) µ (l, q) . The other class is defined by the rest of the diagrams, where quark loops and lepton loops can be treated separately, which we call it a
The contribution from a
It has been estimated, to a very good approximation, in ref. [23] with the result
where ∆ Higgs denotes the contribution from diagrams with Higgs lines, which the authors of ref. [23] estimate to be ∆ Higgs = −5.5 ± 3.7 , and therefore,
Let us finally discuss the contributions to a EW (2) µ (l, q) which are the ones relevant to the topic of this paper. Here, it is convenient to treat the contributions from the three generations separately. The contribution from the third generation can be calculated in a straightforward way, with the result [22, 23] 
In fact the terms of O have also been calculated in ref. [23] . There are in principle QCD perturbative corrections to this estimate, which have not been calculated, but the result in Eq. (7.4) is good enough for the accuracy required at present.
As emphasized in ref. [22] , an appropriate QCD calculation when the quark in the loop of Fig. 1 is a light quark should take into account the dominant effects of spontaneous chiral symmetry breaking. Since this involves the u and d quarks, as well as the second generation s quark, we lump together the contributions from the first and second generation with the result,
+4.57 ± 1.80 + 0.04 ± 0.02
where the first line in Eq. (7.5) shows the result from the e-loop and the second line the result from the µ-loop and the c-quark, which is treated as a heavy quark (m c = 1.5 GeV). The first term in brackets in the third line is the one induced by the anomalous term in the hadronic < VAV > Green's function. The second term is the one induced by the leading effects of explicit chiral symmetry breaking in the non-anomalous longitudinal component of the < VAV > Green's function discussed in section 6 (the result in Eq. (6.9)). The third term is the one induced by the transverse component of the < VAV > Green's function, evaluated in the presence of the light quark masses and in the HA with 3 poles to large-N c QCD (the result in Eq. (6.13)). We want to stress that our result in Eq. (7.5) for the contribution from the first and second generations of quarks and leptons is conceptually very different to the corresponding one proposed in ref. [23] ,
where the light quarks are, arbitrarily, treated the same way as heavy quarks, with m u = m d = 0.3 GeV , and m s = 0.5 GeV . Although, numerically, the two results turn out to be not too different, the result in Eq. (7.7) follows from a hadronic model which is in contradiction with basic properties of QCD. The constituent quark model used to derive this result violates the current algebra Ward identity (A.1) derived in Appendix A. Furthermore, as discussed in the text, the model does not reproduce the QCD short-distance behaviour for the underlying < VAV > Green's function. These facts are at the origin of the spurious cancellation of the log M Z terms in Eq. (7.7). A more detailed discussion of this issue can be found in Appendix D.
Putting together the numerical results in Eqs. (7.2), (7.3), (7.4) with the new result in Eq. (7.6), we finally obtain the value
which shows that the two-loop correction represents indeed a reduction of the one-loop result by an amount of 22% . The final error here does not include higher order electroweak estimates [43] .
APPENDIX A Ward Identities and Gauge Invariance
The hadronic Green's function in Eq. (2.1) is a combination of QCD three-point functions involving the vector and axial vector currents
of the algebra of currents, where λ a denotes the flavour Gell-Mann matrices defined after Eq. (4.6). More precisely, with
the relation is the following
A.1 Current Algebra Ward Identities
For a = 0, 3, 8, one has the following Ward identities 10 :
and
with G (A)µν the gluon field strength tensor. Owing to the fact that
the above Ward identity can be solved as follows:
where the tensor T a µν;α (q 1 , q 2 ) is now completely transverse,
The first term in Eq. (A.2) generates the anomaly term discussed in the text. The second term is the one induced by the axial flavour-singlet U (1) anomaly. This term generates subleading contributions in the 1/N c -expansion with respect to the other terms; however, because of its flavour singlet nature, the numerical size of its contribution may not necessarily obey the expected 1/N c -power suppression. However, in our case, the source of the hadronic axial current is the one induced by the Z-boson coupling in the Standard Electroweak Theory, which has a vanishing flavour trace for each generation. Therefore, once the total sum of light and heavy quarks is taken into account, this term does not contribute to the muon anomaly.
The third term in Eq. (A.2) is the one induced by the explicit breaking of chiral symmetry by the light quark masses in the QCD Lagrangian. We keep it, because it will be pertinent in the forthcoming discussions of electroweak gauge invariance. Notice, for further reference, that
A.2 Electroweak Gauge Invariance
Due to the conservation of the electromagnetic current, the gauge dependent terms in the photon propagator in the diagrams of Fig. 1 trigger naive Ward identities on the hadronic γ − γ − Z vertex, and therefore we can take the Feynman gauge for the photon propagator without loss of generality, as we have done in the calculation reported in the text. By contrast, the gauge dependence of the Z-propagator requires some discussion. In the Electroweak Theory, it is convenient to rewrite the Ward identity discussed in the previous subsection in terms of the coupling of the unphysical Higgs field Φ 0 (x). More precisely, in the notation used in the text,
, with a q = +1/2 , e q = +2/3 , for q = u, c, t 4) and
This means that in full generality, in the Electroweak Theory,
where we have set W
Now, in the calculation corresponding to Fig. 1 , the most general form of the Z-propagator, in a renormalizable linear gauge of the 't Hooft class, is
The unitary gauge, which was used e.g. in ref. [22] , is recovered in the limit ξ Z → ∞, which has to be taken from the start. In the text we have done the calculation in the Feynman gauge ξ Z = 1. Clearly, there is no contribution to the muon anomaly from the contraction of the gauge dependent piece in the Z-propagator in (A.7) with the fully transverseW µνρ (q, k) hadronic tensor. The contribution from the non-transverse term in Eq. (A.5) however, is gauge dependent. It selects the second term in the Z-propagator in (A.8), via the contraction
As shown in Eq. (A.6) the non-transverse term in Eq. (A.5) has two pieces. Let us first discuss the one coming from the anomaly term. For a specific fermion f , the piece coming from the anomaly results in the expression (in the ξ Z gauge)
while in the unitarity gauge, the corresponding result is divergent and requires regularization. In dimensional regularization, with
Recall that in these expressions, when the fermion f is a quark q, a q and e q have been defined in Eq. (A.4). When f is a lepton l, a l = −1/2 and e l = −1. In particular, for f = u, d, s , Next, we discuss the gauge dependent piece coming from the term proportional to
in Eq. (A.6), i.e. the term
This term, when acting on the leptonic line (see Eq. (1.3) ) triggers a trivial Ward identity:
The resulting expression:
when added together with the gauge dependent term from the unphysical Higgs contribution to the muon anomaly,
results in an overall gauge independent contribution, proportional to
In the unitary gauge, there are no unphysical Higgs couplings and the piece coming from the term proportional to H Φ 0 in Eq. (A.6) generates the factor
which, after contraction with the leptonic line, produces an expression identical to the one in Eq. (A.10).
B Technical Remarks on the OPE in the Chiral Limit
As already mentioned in the text, the relevant OPE is the one of the product of the two currents V em µ (x)A nc ν (y) in Eq. (2.1) when x → y, because these are the currents where the hard virtual momentum q can get through. There are two types of contributions to discuss in the chiral limit.
B.1 Contribution from Soft Gluons
These are the contributions generated by the term
in the perturbative Wick-expansion (i, j denote quark color indices) when the short-distance expansion of the quark propagator 11 is inserted:
where ( A is a color index in the adjoint representation)
The terms of lowest dimension in the short-distance expansion of the quark propagator in Eq. (B.2) which can contribute (a priori) to a tensor structure like the one in Eq. (4.2) are those with two uncontracted powers of q-momenta in the numerator i.e., the last three terms in Eq. (B.3). However, these terms, as far as their Dirac structure is concerned, are all proportional to one gamma matrix or to γ β γ 5 , (the last term.) Therefore, when inserted in the r.h.s. of Eq. (B.1), and taking into account
one finds that these terms cannot produce an antisymmetric tensor in the µ and ν indices. We then conclude that there is no contribution from soft-gluons with the tensor structure of Eq. (4.2) with a power p ≤ 3.
B.2 Contribution from Hard Gluons
Expanding the T -product in Eq. (4.1) in perturbation theory to O(g 2 s ) generates the following operator
The contraction of the two gluon fields generates four possible classes of hard topologies illustrated in Fig. 3 above. Using the identity
and the fact that the second term in this identity generates subleading terms in the 1/N c -expansion, the contributions from the four hard topologies can be written as follows:
where S µα and A µα denote the tensors:
Only the antisymmetric tensors contribute in the total sum, with the result
Fierzing the resulting four-quark operator, using the relevant terms of the identity
and contracting two of the epsilon tensors (using the correct sign!) one finally gets the result
with O βδ (0) the tensor
C The OPE beyond the Chiral Limit
In the presence of quark masses, there are two types of terms that one has to consider in the evaluation of the function in Eq. (4.1). (Recall that the relevant terms in the OPE are those with the explicit tensor structure shown in Eq. (4.2).) There are terms of O(m) from the expansion of the quark propagator:
and terms from the Taylor expansion of the quark field
The first type expansion leads to a potential contribution: Lorentz covariance and gauge invariance of the electromagnetic current restrict these two-point functions to the following decomposition
We can now obtain the asymptotic behaviour of the Green's function W µνρ (q, k) defined in Eq. (2.1) in terms of the invariant functions Π V ′ V (k 2 ) and Π A ′ V (k 2 ), with the result We have noticed in section 7.2 that for the two first generations, the log M Z terms do not cancel in a EW (2) µ (e, µ, u, d, s, c), see Eq. (7.5). This result might appear as puzzling, since in the case of free quarks, which encompasses the constituent quark model, the cancellation of the log M Z terms in a EW (2) µ (e, µ, u, d, s, c) occurs, as observed in ref. [23] , and as shown in Eq. (7.7). However, this latter situation is conceptually very different from the one described by confined light (or even massless) quarks. This difference, that needs perhaps to be explained more in detail, is at the origin of the non-cancellation of the log M Z contributions in Eq. (7.5).
In order to proceed, let us start from Eq. (5.7), that we write in a slightly different, but more convenient, form, The second,i.e. a dispersive form, is obtained upon performing the integration over the Feynman parameter x in the expression on the first line, followed by an obvious change of variable in the remaining integration over y, with the outcome 1 π Im w χQM (t) = − 1 2
